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• Introduction to Computational Electromagnetics (CEM)

• Wire Antennas

• Transmission Lines (Overhead and buried wires)

• Lightning Electromagnetics

• Human Exposure to Electromagnetic Fields

• Numerical Modeling of Magnetohydrodynamics 
phenomena

• On-going work in deterministic and stochastic 
modeling

• Concluding remarks
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ON-GOING PROJECTS

• ICES SC6 The IEEE International Committee on 
Electromagnetic Safety (ICES, Tecnical Committee 
95), Subcommittee SC6 on Electromagnetic Field 
Dosimetry

• COST Action BM1309: European network for 
innovative uses of EMFs in biomedical applications

• COST Action TU1208: Civil Engineering Applications 
of Ground Penetrating Radar

• COST ACTION IC 1407: Advanced characterisation and classification of 
radiated emissions in densely integrated technologies (ACCREDIT)

• ITER Physics, EUROFusion, WPCD (Code development for Integrated 
Modeling)

• Centre of Research Excellence for Data Science and Cooperative Systems: 
Research Unit for Cooperative Systems
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• Electromagnetics as a rigorous theory started when James Clerk 
Maxwell derived his celebrated four equations and published this 
work in the famous treatise in 1865.

• In addition to Maxwell’s equations themselves, relating the 
behaviour of EM fields and sources we need:

� the constitutive relations of the medium 

� the imposed boundary conditions of the physical problem of 

interest.

Introduction to Computational Electromagnetics (CEM) 
and Electromagnetic Compatibility (EMC)

Historical note on modeling in electromagnetics

Clermont-Ferrand, 03 April 2018
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• One of the first digital computer solution of the Pocklington’s
equation was reported in 1965.

• This was followed by the one of the first implementations of the
Finite Difference Method (FDM) to the solution of partial 
differential equations in 1966 and time domain integral 
equation formulations in 1968 and 1973.

• Through 1970s the Finite Element Method (FEM) became widely 
used in almost all areas of applied EM applications.

• The Boundary Element Method (BEM) developed in the late 
seventies for the purposes of civil and mechanical engineering 
started to be used in electromagnetics in 1980s.

Introduction to Computational Electromagnetics (CEM) 

and Electromagnetic Compatibility (EMC)

Historical note on modeling in electromagnetics

Clermont-Ferrand, 03 April 2018
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• A basic EMC model, includes EMI source (any kind of 
undesired EMP), coupling path which is related to EM fields 
propagating in free space, material medium or conductors, 
and, finally, EMI victim - any kind of electrical equipment, 
medical electronic equipment (e.g. pacemaker), or even the 
human body itself. 

EMI source Coupling path EMI victim

A basic EMC model

EMC computational models and solution methods

Introduction to Computational Electromagnetics (CEM) 
and Electromagnetic Compatibility (EMC)
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• In principle, all EMC models arise from the rigorous EM theory 
concepts and foundations based on Maxwell equations.

• EMC models are analysed using either analytical or numerical 
methods.

• Analytical models are not useful for accurate simulation of 
electric systems, or their use is restricted to the solution of rather 
simplified geometries.

• More accurate simulation of various practical engineering 
problems is possible by the use of numerical methods.

EMC computational models and solution methods

Introduction to Computational Electromagnetics (CEM) 
and Electromagnetic Compatibility (EMC)
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Classification of EMC models

• Regarding underlying theoretical background EMC models 
can be classified as:

� circuit theory models featuring the concentrated 
electrical parameters

� transmission line models using distributed parameters 
in which low frequency electromagnetic field 
coupling are taken into account

� models based on the full-wave approach taking into 
account radiation effects for the treatment of 
electromagnetic wave propagation problems

Introduction to Computational Electromagnetics (CEM) 
and Electromagnetic Compatibility (EMC)

Clermont-Ferrand, 03 April 2018
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• The main limits to EMC modeling arise from the physical 
complexity of the considered electric system. 

• Sometimes even the electrical properties of the system are 
too difficult to determine, or the number of independent 
parameters necessary for building a valid EMC model is too 
large for a practical computer code to handle.

Introduction to Computational Electromagnetics (CEM) 

and Electromagnetic Compatibility (EMC)

Summary remarks on EMC modeling

Clermont-Ferrand, 03 April 2018
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• The advanced EMC modeling approach is based on integral 
equation formulations in the FD and TD and related BEM solution 
featuring the direct and indirect approach, respectively.

• This approach is preferred over a partial differential equation 
formulations and related numerical methods of solution, as the 
integral equation approach is based on the corresponding 
fundamental solution of the linear operator and, therefore, 
provides more accurate results.

• This higher accuracy level is paid with more complex formulation, 
than it is required within the framework of the partial differential 
equation approach, and related computational cost.

Introduction to Computational Electromagnetics (CEM) 
and Electromagnetic Compatibility (EMC)

Summary remarks on EMC modeling

Clermont-Ferrand, 03 April 2018
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WIRE ANTENNAS

Clermont-Ferrand, 03 April 2018
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Frequency domain analysis of wire 
antennas

• In addition to antenna design the model of horizontal wires 
above lossy half-space has numerous applications in (EMC) in 
the analysis of aboveground lines and cables. 

• The current distribution along the multiple wire structure is 
governed by the set of Pocklington equation for half-space 
problems.  

• The influence of lossy half-space can be taken into account via 
the reflection coefficient (RC) approximation. 

Clermont-Ferrand, 03 April 2018
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• The geometry of interest consists of M parallel straight wires 
horizontally placed above a lossy ground at height h. 

• All wires are assumed to have same radius a and the length 
of the m-th wire is equal Lm.

The geometry of the problem

Clermont-Ferrand, 03 April 2018
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Horizontal antenna over imperfect ground

FD analysis of wire antennas

The analysis starts by considering a single straight wire above a

dissipative half-space.

Clermont-Ferrand, 03 April 2018
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FD analysis of wire antennas

• The integral equation can be derived by enforcing the interface conditions 
for the E-field at the wire surface:

( ) 0exc sct

x
e E E⋅ + =
� ��

• The excitation represents the sum of the incident field and field reflected 
from the lossy ground:

• The scattered field can be written as:

where A is the magnetic vector potential and φis the scalar potential.
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According to the thin wire approximation (TWA) only the axial 
component of the magnetic potential differs from zero:
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while q(x) is the charge distribution and I(x’) is the induced current along 
the wire.
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• Green function g(x,x’) is given by:

where g0(x, x’) is the free space-Green function and gi(x, x’) arises 
from the image theory:
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Ro and Ri , respectively,  is the distance from the source to the 
observation point, and the reflection coefficient is

FD analysis of wire antennas
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• The linear charge density and the current distribution along the
line are related through the equation of continuity:

• After mathematical manipulation it follows:

leading to the following integral relationship for the scattered field:
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FD analysis of wire antennas
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• Combining previous equations results in the following integral 
equation for the current distribution induced along the wire:
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• This equation is well-known in antenna theory representing 
one of the most commonly used variants of the Pocklington’s
integro-differential equation for half space problems.

• This integro-differential equation is particularly attractive for 
numerical modeling, as there is no second-order differential 
operator under the integral sign.

FD analysis of wire antennas
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The electric field components are:
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• Vertical wire above a real ground

FD analysis of wire antennas

•Integro-differential equation (IDE) for 
vertical wire

Clermont-Ferrand, 03 April 2018
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• Vertical wire penetrating the 
ground

FD analysis of wire antennas

• Integro-differential equation 
for vertical wire penetrating 
the ground

Clermont-Ferrand, 03 April 2018
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• An extension to the wire array is straightforward and results in the 
the set of coupled Pocklington integral equations:

where In(x’) is the unknown current distribution induced on the n-
th wire axis, g0mn(x,x`) is the free space Green function, while 
gimn(x,x`) arises from the image theory: 
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• The wires are excited by a plane wave of arbitrary incidence
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FD analysis of wire antennas
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• The tangential component of an incident plane wave can be 
represented in terms of its vertical EV and horizontal EH component:

where α is an angle between E-field vector and the plane of 
incidence.
RTM and RTE are the vertical and horizontal Fresnel reflection 
coefficients at the air-earth interface given by:
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• The E-field components are given, as follows:
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where m=1, 2, …, M and Green function G is given by:
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FD analysis of wire antennas
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BEM solution of Pocklington equation system

• The BEM procedure starts, as follows: 2 1

1 2
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• Performing certain mathematical manipulations and BEM
discretisation results in the following matrix equation:
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FD analysis of wire antennas

[Z]pk - the interaction matrix:

• Vectors {f}and {f’} contain shape functions fn(x) and fn(x’), while {D} and 

{D’} contain their derivatives.
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• The vector {V}p represents the voltage 
along the segment:
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• Applying the BEM formalism to field expressions it follows:

- Nj is the total number of boundary elements on the j-th wire
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The  BEM field calculation

FD analysis of wire antennas
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Computational examples

Vertical wire:

• Single wire above a lossy ground

• Wire penetrating the interface

FD analysis of wire antennas

Clermont-Ferrand, 03 April 2018
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Computational examples

Numerical results are obtained via TWiNS code for:

• Single wire above a lossy ground

• Wire array above a lossy ground

• Practical example: Yagi-Uda array for VHF TV applications

• Practical example: single LPDA for ILS

FD analysis of wire antennas

Clermont-Ferrand, 03 April 2018
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h=0.2m

Dipole above a PEC ground, f=300MHz, L=λ

h=1m

FD analysis of wire antennas

Clermont-Ferrand, 03 April 2018
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Dipole above a lossy ground, f=300MHz, L=λ/2, εr= 30, σ=0.04 S/m

h=1m

h=0.2m

FD analysis of wire antennas

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

h=0.2m

XYplane: Currents and far-field pattern for the Yagi-Uda array

above a PEC ground (reflector, fed element + director), 

a=0.0025m, Lr=0.479m, Lf=0.453m i Ld=0.451m, d=0.25m Vg=1V

h=1m

FD analysis of wire antennas
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h=1m

h=0.2m

XYplane: Currents and far-field pattern for the Yagi-Uda array

above a real ground (reflector, fed element + director), 

a=0.0025m, Lr=0.479m, Lf=0.453m i Ld=0.451m, d=0.25m Vg=1V

FD analysis of wire antennas
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GPR dipole antenna above a lossy half-space

• Dipole antenna for Ground Penetrating Radar (GPR) applications

Broadside transmitted field (V/m) into 

the ground for different frequencies 

(L=1 m, a=2 mm, h=0.25 m, VT=1 V, 

εrg=10, σ=10 mS/m)

FD analysis of wire antennas
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Geometry of Yagi-Uda array with 15 elements

Yagi-Uda array for VHF TV applications

FD analysis of wire antennas

Clermont-Ferrand, 03 April 2018
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Yagi-Uda array: technical parameters

• Number of wires N=15
• Number of directors 13 
• Operating frequency f=216MHz (frequency of 13th TV channel)
• Wire radius: a= 0.0085λ=0.0118m
• Director lengths l1=l2=0.424λ=0.589m, l3=0.420λ=0.583m, 
• l4=0.407λ=0.565m, l5=0.403λ=0.56m, l6=0.398λ=0.553m, 
• l7=0.394λ=0.547m, l8- l13=0.390λ=0.542m
• Reflector lengths l14=0.475λ=0.66m
• fed-element length l15=0.466λ=0.647m
• Distance between directors  dd=0.308λ=0.427m
• Distance between reflector and fed-element dr=0.2λ=0.278m

Computational aspects

• ∆l ≥ 2a

• Ltot= 5.83m, Ntot=225

FD analysis of wire antennas
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XYplane: Currents and far-field pattern for the Yagi-Uda array

real 
ground

free 
space

FD analysis of wire antennas
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• LPDA impedance and radiation properties repeat periodically as the 
logarithm of frequency (VHF and UHF bands; 30MHz to 3GHz).

• The LPDA antennas are easy to optimize, while the crossing of the feeder 
between each dipole element leads to a mutual cancellation of 
backlobe components from the individual elements yielding to a very 
low level of backlobe radiation (around 25dB below main lobe gain at 
HF and 35dB at VHF and UHF).

The cutoff frequencies of the truncated structure is determined by the 
electrical lengths of the largest and shortest elements of the structure.

• The use of logarithmic antenna arrays is very often related with electronic 
beam steering. An important application of LPDA antennas is in air 
traffic, as it an essential part of localizer antenna array.

• A typical localizer antenna system is a part of the electronic systems 
known as Instrumental Landing System (ILS). Localizer shapes a radiation 
pattern providing lateral guidance to the aircraft beginning its descent, 
intercepting the projected runway center line, and then making a final 
approach.

FD analysis of wire antennas
Log-periodic dipole array

Clermont-Ferrand, 03 April 2018
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LPDA geometry

The length of actual wire is 
obtained by multiplying 
the previous length and 
factor T:

1n

n

L

L
τ +=

FD analysis of wire antennas

A look at a real localizer 

antenna element 
geometry...
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LPDA in free space

• LPDA is composed from 12 dipoles insulated in free space. 

• The radius of all wires is a=0.004m while the length of wires are 
determined by the length of 1st wire L1=1.5m, and factor T=0.9. 

• All dipoles are fed by the voltage generator Vg=1V with 
variable phase (each time phase is changed for 180°). 

• The operating frequency is varied from 100 MHz to 300 MHz. 

FD analysis of wire antennas
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Absolute value of Current distribution along 12 dipoles versus BEM nodes 

at f=100MHz, f=250MHz and f=300MHz

LPDA in free space

FD analysis of wire antennas
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Radiation pattern 

(XY plane)

LPDA in free space

FD analysis of wire antennas

f=250MHz

f=300MHz

(XY plane) (YZ plane)

f=100MHz
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Radiation pattern (XY plane)

FD analysis of wire antennas

LPDA above a PEC ground

LPDA above a real ground

f=100MHz f=250MHz f=300MHz

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

• realistic geometries of localizer 
antenna systems.

FD analysis of wire antennas

f=110MHz
T=0.983
σ=0.1876
L1=1.27m
d1=0.4765m
n=7 –wires per LPDA
a=0.002
Nseg=11 - segments per wire
NLPDA=14       
h=1.82m
σ=0.005      
εr=13

Clermont-Ferrand, 03 April 2018
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• realistic geometries of localizer 
antenna systems.

FD analysis of wire antennas
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TRANSMISSION LINES
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Electromagnetic Field Coupling to 
Overhead Wires

•The EM field coupling to lines or cables can be analyzed by using the 
antenna theory, or TL model.

•The TL theory does not provide a complete solution if the wavelength of 
the field coupling to a line is comparable to, or less than, dimensions of the 
line.

•The TL approach is sufficient approximation for long lines with electrically-
small cross sections, but is not valid for lines of finite length, particularly for 
the case of high frequency excitations.

•The principal feature of TL approach is simplicity and relatively low 
computational cost.
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•The analysis of the finite length lines requires the antenna theory
approach. 

•The main restriction of the wire antenna model applied to longer 
lines is a high computational cost. 

• FD antenna theory formulation is based on the Pocklington 
integro-differential equation. The numerical solution is carried 
out via the corresponding Galerkin-Bubnov scheme of the 
Indirect Boundary Element Method (GB-IBEM).

• FD transmission line model is based on the corresponding 
Telegrapher's equations.

• The transmission line equations are treated using the chain matrix 
approach.

EM Field Coupling to Overhead Wires
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•The PEC overhead wire of length L and radius a,at height h above 
a lossy ground, illuminated by an incident  E-field, is of interest.

Finite length line above a lossy ground

z

x

z=h

x=0 x=L

μ0, ε, σ

μ0, ε0

EM Field Coupling to Overhead Wires
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The antenna model: FD analysis of single wire

•The spatial current distribution along the wire is governed by the Pocklington 
integro-differential equation:
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EM Field Coupling to Overhead Wires

The transmission line model: FD analysis of single wire

•Voltages and currents along the line induced by an external field excitation 
can be obtained using the FD field-to-transmission line matrix equations.
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Computational examples: Wire above a lossy ground

EM Field Coupling to Overhead Wires

Current induced at the center of the line above a PEC ground versus frequency

(L=20m, a=0.005m, h=1m E0=1V/m – normal incidence)

(σ=0.1 S/m, εr=10 (σ=0.01 S/m, εr=10

Computational examples: 

Wire above a PEC ground

(σ=0.001 S/m, εr=10

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

The antenna model: FD analysis of multiple wires

EM Field Coupling to Overhead Wires
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• The currents along the wire array is governed by the set of 
coupled Pocklington equations

• The Green functions for the source and image wires, respectively
is given by:
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f=20MHz, εr=10, σ=0.001mho/m, h=1m, D=0.5m, 
L=30m, a=0.15cm, φ=180°, θ=30°, α=0°
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Computational example: Current distribution along two coupled 
wires over imperfect ground

EM Field Coupling to Overhead Wires

Current magnitudes for a different values of height h and separation D between wires
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• PLC systems aim to provide users with communications means 
using the already existed power line network. 

• One of the principal disadvantages of this technology is 
related to EMI problems, as overhead power lines at the 
frequency range from 1 to 30 MHz behave as transmitting 
antennas or receiving antennas.

• An analysis of overhead power line as an EMI victim is 
undertaken using the wire antenna theory approach.

EM Field Coupling to Overhead Wires

Computational example: Coupling from HF Transmitter to PLC System
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•A simple PLC system consisting of curved wires excited by the 
voltage source Vg is of interest.

EM Field Coupling to Overhead Wires

Power Line Communications System as EMI source

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

2 2
2 2 '

1 ' 0 1 *

0 0

1
( ) ( , ') ( , *) ' ( ')

4 ' *

L

exc

s s TM s s i TE s k e e g s s R k e e g s s ds Z I s
j s s s sπωε

    ∂ ∂
= − − + − +    ∂ ∂ ∂ ∂    

∫
� � � �

The spatial current distribution along the curved wire  

is governed by the following Pocklington integro-differential equation:

EM Field Coupling to Overhead Wires

PLC System as EMI source
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For the case of multiple wires of arbitray shape the current 
distribution along the structure is governed by corresponding set 
of Pocklington integro-differential equation:

EM Field Coupling to Overhead Wires

PLC System as EMI source
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BEM solution of the set of Pocklington integro-differential equation:

EM Field Coupling to Overhead Wires

PLC System as EMI source
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The radiated electric field is 
given by:

where:

EM Field Coupling to Overhead Wires
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EM Field Coupling to Overhead Wires

PLC System as EMI source
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BEM solution of the electric field

The total field is given by:

where the field components due to a wire segment are given by:
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The radiated magnetic field is given by:

where:

EM Field Coupling to Overhead Wires
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PLC System as EMI source

BEM solution of the magnetic field

The total field is given by:

where the field components due to a wire segment are given by:
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Computational example: PLC System with curved wires as EMI 
source

EM Field Coupling to Overhead Wires
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Computational example: PLC System
with curved wires as EMI source

EM Field Coupling to Overhead Wires
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The antenna model: TD analysis of single wire

EM Field Coupling to Overhead Wires

The PEC overhead wire of length L and radius a,at height h above 
a lossy ground, illuminated by an incident E-field, is of interest.

z
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x=0
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μ0, ε0

Finite length line above a lossy ground
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• The integral equation for the transient current along the wire is 
obtained by enforcing the condition for the tangential field at 
the wire surface:

where Ez
inc is the incident electric field and the scattered 

electric field Ez
inc is expressed in terms of potentials:

The vector and scalar potential, respectively, are given by:

where charge and current densities, respectively, are related 
with the continuity equation:
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Combining previous equations leads to the integral equation for 
the transient current along the wire in free space:

Integrating the Pocklington equation yields the Hallen integral 
equation:

-I(z,, t-R/c) is the unknown current to be determined, 
- c is the velocity of light, 
-Z0 is the wave impedance of a free space 

-F0(t); FL(t) are related with the reflections from wire ends
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Performing certain mathematical manipulations one obtains the Hallen

integral equation for wire above a lossy half-space:

where the influence of the interface is taken into account via the  
space-time reflection coefficient:
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The time domain Hallen equation is solved via the Galerkin-Bubnov 
indirect boundary element approach.

EM Field Coupling to Overhead Wires
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The antenna model: TD analysis of multiple wires

EM Field Coupling to Overhead Wires

•The PEC wires of length L and radius a,at different heights h
above a dielectric half-space, illuminated by an incident  E-field, 
are of interest.

Straight thin wires at various heights above a dielectric half - space 
Clermont-Ferrand, 03 April 2018
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Transient response of M parallel wires above a real ground is governed by 
the set of the coupled space-time Hallen integral equations:
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EM Field Coupling to Overhead Wires

Unknown time signals F0v(t) and FL(t) related to the multiple reflections of 
transient currents at the wires free ends are given by:
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The auxilliary functions K are defined:
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∫
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For the case of a dielectric half-space the set of Hallen integral equations simplifies into:

Space dependent reflection coefficient is:
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EM Field Coupling to Overhead Wires

2 22

'
( ' ) ( ' )sin '1

( ) , ,
1 cos ' '
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vs vs

r

x x y y
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z z

ε θβ
θ β θ

β ε θ

− + −−−
= = =

+ +

•For the normal incidence the total E - field is given by:

T - the time required for the wave to travel from the highest wire to the height z of the 
observed v-th wire.

- The reflected field:

( ', , ) ( ', ) ( ', )exc inc ref

xv xv xvE x z t E x t T E x t T= − + −

0

2
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xv xv

z
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The set of Hallen integral equations is handled via the TD scheme of the 
Galerkin-Bubnov Indirect Boundary Element Method (GB-IBEM). 

- local approximation for the current on a wire:

- space-domain shape functions given by:

Numerical solution

{ } { }( ', ')
T

I x t f I=

1
1

1 1

' '
( ') ( ')r r

r r

r r r r

x x x x
f x f x

x x x x

+
+

+ +

− −
= =

− −

EM Field Coupling to Overhead Wires

Applying the BEM discretisation leads to a local system of linear equations for 
the vth observed wire:

{ } { } { } { } { } { }

{ }

{ } { }

**
1

0

0
0

( )1
' '

4 4

'1
( ', ) '

2

( ) ( )

vs vs

i j i j

i j

j j

M
T Tvs

s R s Rj i j it ts vs vsl l l lc c

exc

xv j

l l

v Lv
Lj j

l l

r
f f dx dx I f f dx dx I

R R

x x
E x t f dx dx

Z c

x x x x
F t f dx F t f dx

c c

θ

π π− −= ∆ ∆ ∆ ∆

∆ ∆

∆ ∆

 
 −
  
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∑ ∫ ∫ ∫ ∫

∫ ∫

∫ ∫

i,j=1,2..N - index of the elements (s-th source and the v-th observed wire, respectively N - total 
number of segments, M - actual number of wires.
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the matrix equation:
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the space dependent matrices:
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TD antenna model

• The weighted residual approach in the time domain:

•the recurrence formula for the transient current at j-th space node and k-th
time node:
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- The space-time RC can be written, as follows: ( , ) '( , ) ''( , )r r rθ τ θ τ θ τ= +
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β
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−
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+

TD antenna model: Inclusion of ground conductivity

EM Field Coupling to Overhead Wires

Geometry observed –a thin wire 

above lossy ground:
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TD antenna model: Inclusion of ground conductivity

EM Field Coupling to Overhead Wires

- Inclusion of r’’(θ,t) into the model leads to the following matrix equation:
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- Additional vectors are expressed as follows:
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TD antenna model: Inclusion of ground conductivity

EM Field Coupling to Overhead Wires
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- Assembly into global matrix system yields:

where:
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TD antenna model: Inclusion of ground conductivity

EM Field Coupling to Overhead Wires
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- After time sampling, recurrent formula for the unknown current:
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where:

k
j t

I - current for the j-th space node and k-th time node

aji   - member of matrix [A] for i-th source space node and j-th 

observation space node, where i≠j

NS - number of space elements

- member of vectors       for j j-th observation space node
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j j
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TD antenna model: Inclusion of ground conductivity
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TD transmission line model

•Voltages and currents along the lines due to an external field can be 
obtained using the matrix equations.
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TD transmission line model

•The solution of the TD transmission line equations is carried out via the FDTD
method.

•The solutions of MTL equations by FDTD:
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GPR dipole antenna above a lossy half-space
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Transmitted electric field in the dielectric half-space (εr=10)

Computational example: Transient response of GPR dipole antenna
at the center of the line

EM Field Coupling to Overhead Wires

The excitation: Gaussian pulse
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Deterministic thin wires above lossy ground.

Stochastic case #2: wire height uniformly distributed 
between 0.275 and 0.725 m

EM Field Coupling to Overhead Wires
Computational example: Transient response of GPR dipole antenna
at the center of the line

The excitation: Gaussian pulse
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EM Field Coupling to Overhead Wires

Computational example: Transient response at the center of the line

Transient current at the center of the line above 

dielectric half-space (L=20m,h=1m, ε
r
=10)
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The excitation: EMP
normal incidence

E0=1.1V/m,  a=7.92*104s-1 , b=4*104s-1

Transient current induced at the center of the wire above 

a lossy ground  (L=1m, εr=10, σ=10mS/m)

The excitation: Gaussian pulse
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84/21

- L=1 m, a=2 mm, εr=10

- Incident electric field:

Configuration:

0( ) ( )inc at bt

x
E t E e e− −= −

E0=1 V/m, a=4*107 s-1,b=6*108 s-1

Computational example: Transient response at the center of the line

EM Field Coupling to Overhead Wires

Transient current at the wire center, various conductivities:

h=0.25 m h=0.5 m
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85/21

� GB-IBEM expanded to numerically model ground 

conductivity

� Time dependent part of the reflection coefficient is 

modeled via additional vectors

� Convolutions integrals highly computationally inefficient

� Further modifications regarding computational efficiency 

necessary

EM Field Coupling to Overhead Wires

TD antenna model: Inclusion of ground conductivity

- Notes
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Computational example: Transient response of a two -wire array above a PEC ground -

comparison between IFFT-NEC2, GB-IBEM and TL

Transient current induced at the center of wire 1

Transient current induced at the center of wire 2

σ→∞

L=10m, a=2cm 

h1=1m, h2=2m

EM Field Coupling to Overhead Wires

Excitation: EMP

E0=1V/m, a=4*107s-1 , b=6*108s-1

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

Transient current induced at the center of wire 1

Transient current induced at the center of wire 2

L=10m, a=2cm, 

h1=1m, h2=2m, d=1m

Excitation: EMP

E0=1V/m, a=4*107s-1 , b=6*108s-1

EM Field Coupling to Overhead Wires

Computational example: Transient response of a two -wire array above a PEC ground -

comparison between IFFT-NEC2, GB-IBEM and TL
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Transient current induced at the center of wires 1 and 3

Transient current induced at the center of wire 2

Computational example: Transient response of a three -wire array above a PEC ground -

comparison between IFFT-NEC2, GB-IBEM and TL

EM Field Coupling to Overhead Wires

L=10m, a=2cm, 

h1=h3=1m, h2=2m, d=1m

Excitation: EMP

E0=1V/m, a=4*107s-1 , b=6*108s-1
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Transient current induced at the center of wires 1 and 3

Transient current induced at the center of wire 2

Excitation: EMP

E0=1V/m, a=4*107s-1 , b=6*108s-1

L=10m, a=2cm, 

h1=1m, h2=2m, d=1m

EM Field Coupling to Overhead Wires
Computational example: Transient response of a two-wire array above a PEC ground -

comparison between IFFT-NEC2, GB-IBEM and TL
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Transient current induced at the center of wires 1 and 3

Transient current induced at the center of wire 2

Computational example: Transient response of a three -wire array above a PEC ground -

comparison between IFFT-NEC2, GB-IBEM and TL

Excitation: EMP

E0=1V/m, a=4*107s-1 , b=6*108s-1

L=10m, a=2cm, 

h1=h3=1m, h2=2m, d=1m

Εr=10

EM Field Coupling to Overhead Wires
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The results obtained via 

different approaches agree for 

early time instants in both 

cases. 

At later times TL fails to 

ensure valid results due to 

limitations of the model itself 

(radiation effects).

Transient current induced at the center 

of wire 2 – PEC ground

Transient current induced at the center 

of wire 2 – dielectric half-space

EM Field Coupling to Overhead Wires

Computational example: Two wire array: PEC and dielectric half space comparisons

Clermont-Ferrand, 03 April 2018
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The behaviour of 3-wires 

above PEC ground is 

similar to a two-wire 

array. 

For dielectric half-space

NEC 2 produces non-

physical solution 

(magnitude increase) at 

later times.

Transient current induced at the center 
of wire 2 – PEC ground

Transient current induced at the center 

of wire 2 – dielectric half-space

EM Field Coupling to Overhead Wires

Computational example: Two wire array: PEC and dielectric half space comparisons
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Electromagnetic Field Coupling to Buried 
Wires

EM field coupling buried wires in frequency domain has been 
studied using the wire antenna theory (set of the Pocklington
equations) and Transmission line method (Telegrapher’s 
equations).

The Pocklington equation is solved via the Galerkin-Bubnov
scheme of the Indirect Boundary Element Method (GB-IBEM), 
while the transmission  line equations are treated using the chain 
matrix method and modal equation to derive per unit length 
parameters. 
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The antenna model: FD analysis of a single wire

•The spatial current distribution along the wire is governed by the 
Pocklington integro-differential equation:
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The FD analysis of multiple wire array buried in a lossy ground The FD analysis of multiple wire array buried in a lossy ground is carried is carried 

out via the set of out via the set of PocklingtonPocklington integrointegro--differential equationdifferential equation::
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The geometry of horizontal buried thin wires 

The antenna model: FD analysis of multiple buried wires
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EM Field Coupling to Buried Wires

The transmitted electric field is defined by the convolution integral:

The reflection and transmission coefficient, respectively, is given by:
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The antenna model: TD analysis of single wire

•The transient current distribution along the wire is governed by the space-time integro-
differential equation of the Pocklington type:
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EM Field Coupling to Buried Wires

Undertaking certain mathematical manipulations the solution can be obtained in 
the close form:

where:

The antenna model: TD analysis of single wire

•Analytical solution:  The Pocklington equations can be transformed into a differential 
equation of the form:
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Field-to-transmission line matrix equations are given by:

The Longitudinal impedance matrix is of the form:

and the transversal admittance matrix is given by:

EM Field Coupling to Buried Wires

The TL model: FD analysis of multiple bureid wires
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Current distribution along the wire
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EM Field Coupling to Buried Wires

Computational example: Current distribution along the wire immersed 
into the sea water.

Wire geometry: L=120m, a=0.6m; L=160m, a=0.8m;  f=1MHz 
The sea waterparameters: εr=80 and σ=4S/m.

.
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EM Field Coupling to Buried Wires
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Current induced at the center of the wire buried in a lossy ground versus frequency
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(σ=0.1 S/m, εr=10)(σ=0.01 S/m, εr=10)

Computational example: Current induced at the center of the wire 
buried in a lossy ground versus frequency

The wire (L=20m, a=0.005m), buried at depth d=1m in the lossy ground 

Is excited by the plane wave E0=1V/m (normal incidence).
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EM Field Coupling to Buried Wires

Computational example: Transient response at the center of the line

Transient currrent induced at the center of the straight wire: Comparison of direct TD approach to 
an indirect FD approach+IFFT 

The L=5m long wire with a radius of a=1cm is buried at depth d=1m in 
dielectric ground with εr=10.

The wire is illuminated by the transmitted EMP:
-at -btinc

0(t)= ( - )e eE E

E0=52.5kV/m, a=4*106s-1, b=4.78*108s-1
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The transmission lines buried in a lossy
ground with permittivity εr=10 and 
conductivity σ=0.001S/m are of interest.

Conductor radius is a=1cm while length 
L and burial depth d are varied. 

The excitation:

a=(8.854 ּ10-8s)-1

0( )tr at

x
E t E e

−=

Computational example: Transient 
response at the center of the line

EM Field Coupling to Buried Wires
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D=20.5 mm, d=36 mm, L=1 m

D

d d

EM Field Coupling to Buried Wires

Computational example: Frequency response at the center of the line
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D=20.5 mm, d=36 mm, L=1 m

D

d d

EM Field Coupling to Buried Wires

Current induced at the centre of the wireCurrent induced at the centre of the wire

εr=10
plane wave excitation E0=1 V/m
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Computational example: Frequency response at the center of the line
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D=20.5 mm, d=106 mm, L=1 m

EM Field Coupling to Buried Wires

Current induced at the centre of the wireCurrent induced at the centre of the wire

εr=10
plane wave excitation E0=1 V/m
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Computational example: Frequency response at the center of the line
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D=20.5 mm, d=106 mm, L=1 m

EM Field Coupling to Buried Wires

Current induced at the centre of the wireCurrent induced at the centre of the wire

εr=10
plane wave excitation E0=1 V/m
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Computational example: Frequency response at the center of the line
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Current induced at the centre of the wireCurrent induced at the centre of the wire

εr=10
plane wave excitation E0=1 V/m

D=20.5 mm, d1=36 mm, d2=18 mm, L1=1 m, L2=0.97 m
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Current induced at the centre of the wireCurrent induced at the centre of the wire
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Computational example: Transient response at the center of the line

- direct TD method of solution
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LIGHTNING ELECTROMAGNETICS
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Transient Analysis of Groundig Electrodes

•Grounding systems, (vertical or horizontal electrodes, large 
grounding grids) are a fundamental part of lightning protection 
systems (LPS).

•The principal task of such grounding systems is to ensure the 
safety of personnel and prevent damage of installations and 
equipment.

•The secondary purpose of  grounding systems is to provide 
common reference voltage for all interconnected electrical 
and electronic systems.

• While the steady state behaviour of grounding systems is well 
investigated and understood, the transients studies are more 
demanding.
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• Transient analysis of grounding systems are related to analytical 
approaches, transmission line models or full wave (antenna) 
models..

•The antenna model is based on the Pocklington integral 
equation formulation featuring the rigorous Sommerfeld integral 
approach to account for the treatment of the half-space effect.

The frequency response is obtained multiplying the input 
impedance spectrum with Fourier transform of the current
excitation waveform. 

The transient response is computed by using the Inverse Fourier 
Transform (IFT). 

The analysis has been undertaken for vertical, horizontal and 
complex grounding systems of arbitrary shape.

Transient Analysis of Grounding Electrodes
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Transient Analysis of Grounding Electrodes

The antenna model: FD analysis of single grounding 

elecrode of arbitrary shape

•First the single wire grounding electrode of arbitrary shape is 
considered.

Horizontal electrode                                            Ring electrode

2 2 2 2
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1
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•The spatial current distribution along the wire is governed by the 
homogeneous Pocklington integro-differential equation:
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The Green function components:
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Transient Analysis of Grounding Electrodes
The antenna model: FD analysis of single grounding 
elecrode of arbitrary shape

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

10m
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Config. 1 Config. 2

Config. 3

Config. 4

Different grounding grid configurations

The antenna model: FD analysis of complex grounding 

systems

•There is a number of configurations of   practical grounding systems:

Transient Analysis of Grounding Electrodes
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Transient Analysis of Grounding Electrodes

•The excitation is incorporated into formulation through the boundary 
condition:

where Ig denotes current generator and I1current in the injection node.

At a junction consisting of two or more segments the continuity properties of 
the field must be satisfied, which is ensured by the Kirchhoff current law:

and the equation of continuity:
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•The spatial current distribution along the wire is governed by the set of 
coupled homogeneous Pocklington integro-differential equations:
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Transient Analysis of Grounding Electrodes

Numerical solution

•The set of Pocklington equations is handled via the (GB-IBEM). 

- local approximation for the current:

- the system of equations:

- the mutual impedance 
matrix:

( ) { } { }
1

( )
n

Te

n ni ni n n
i

I I f = f Iζ ζ
=

=∑

1 2

1 1

2 2
f f

ζ ζ− +
= =

[ ] { }
i

1 1

 = 0,    

m =1,2,..., ; j =1,2,...,

w nN N
e

nji
n i

w m

Z I

N N

= =

∑∑
[ ] { } { }

� � { } { }

{ } { }

� � { } { }

1 1

0

1 1

1 1

2

1 0

1 1

1 1

2 2
1 10 1

2 2

0 1 2

1

' ( , ' ) '
'

' ' ( , ' ) '
'

' ( , * ) '
'

* ' ( , * ) '
'

e T n m
nm m nj iji

T n m
m n nm m nj i

T n m
inm m nj i

T n
m n inm m nj i

ds ds
Z D D g s s d d

d d

ds ds
k s s f f g s s d d

d d

ds ds
D D g s s d d

d dk k

k k ds d
k s s f f g s s d

d

ζ ζ
ζ ζ

ζ ζ
ζ ζ

ζ ζ
ζ ζ

ζ
ζ

− −

− −

− −

= −

+ ⋅ ⋅ +

− +
−

+
+

+ ⋅ ⋅

∫ ∫

∫ ∫

∫ ∫

� � { } { }

1 1

1 1

1 1

1 1

' ' ( , ' ) '
'

m

T n m
m n snm m nj i

s
d

d

ds ds
s s f f G s s d d

d d

ζ
ζ

ζ ζ
ζ ζ

− −

− −

 
 
  + 
 
  

+ ⋅

∫ ∫

∫ ∫

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

Transient Analysis of Grounding Electrodes

Numerical solution

•The calculation of transient response is carried out by means of Inverse 
Fourier Transform.
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Transient Analysis of Grounding Electrodes

Transient voltage assessment

•Assuming the potential in the remote soil to be zero, the voltage 
between the point on the wire and remote soil is :

•Numerical evaluation:
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Transient Analysis of Grounding Electrodes

Numerical results: Horizontal electrode
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Transient Analysis of Grounding Electrodes

Numerical results: Ring electrode

- local approximation
for the current:
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Transient Analysis of Grounding Electrodes

Numerical results: Ring electrode
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- local approximation
for the current:
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Transient Analysis of Grounding Electrodes
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Various configurations of grounding grids
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Transient Analysis of Grounding Electrodes

Numerical results: Grounding grid

Configuration of multi-layered 
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Numerical results: Grounding grid: AT versus TL approach

Transient Analysis of Grounding Electrodes
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Numerical results: Grounding grid: AT versus TL approach

Transient Analysis of Grounding Electrodes
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Numerical results: Multi-layered grounding grid

Transient Analysis of Grounding Electrodes
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Configuration of practical 
wind-turbine grounding systems: 3D view

Transient Analysis of Grounding Electrodes

Numerical results: Complex grounding grid for wind-turbines

Configuration of 
practical 
wind-turbine 
grounding systems:
Top view
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Potential distribution along the surface above the grounding system for wind turbine

Transient Analysis of Grounding Electrodes

Numerical results: Complex grounding grid for wind-turbines

a) 3D view                                                      b) top wiew

Configuration of 
practical 
wind-turbine 
grounding systems:
3D view

Configuration of 
practical 
wind-turbine 
grounding systems:
Top view
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Transient Analysis of Grounding Electrodes

Numerical results: Complex grounding grid for wind-turbines

• Model of a WT grounding 
system

Figure shows a WT subjected to a 
lighting strike. 

The influence of WT itself (tower, 
blades etc.) is neglected.

Wind turbine subjected to a lightning strike
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• Typical grounding system (placed in a homogenous soil; ρ=1200Ω/m, εr=9) 
consists of:

- a square of galvanized steel flanges (Fe/Zn 30x3.5mm – gray line) at the 2m 
depth, 

- 2 rings (Cu 70 mm2 - black line) at different levels (smaller: 3.25m radius at 5cm 
depth, the larger with 6.8m radius buried at 55cm depth) and additional four 
copper wires. 

• All parts are connected by welding.

Transient Analysis of Grounding Electrodes
Numerical results: Complex grounding grid for wind-turbines

( )0( ) t t
i t I e e

α β− −= −

The lightning current is expressed by the 
double exponential function:

with: 

I0=1.1043A, α=0.07924∙106s-1, β=0.07924∙106 s-
1.
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• Figure shows the transient response of the grounding system. Dashed 
line represents a ten times higher input current waveform for the 
comparison purpose.

Transient behavior of the grounding systemBasic grounding system

Transient Analysis of Grounding Electrodes
Numerical results: Complex grounding grid for wind-turbines
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Additional horizontal electrodes 

on wind turbine grounding system

Induced feeding point transient voltage for different
lengths of additional horizontal electrodes

Transient impedance for different lengths 
of additional horizontal electrodes

The grounding system is 
upgraded with four 5m or 15 
m long horizontal electrodes.

Transient Analysis of Grounding Electrodes

Numerical results: Complex 
grounding grid for wind-turbines
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Additional vertical electrodes on wind
turbine grounding system

Induced feeding point transient voltage 
for different lengths of additional vertical electrodes

Transient impedance for different lengths 
of additional vertical electrodes

The grounding system is 
upgraded with vertical 
electrodes of various lengths 
(3m, 5.5m and 15m).

Transient Analysis of Grounding Electrodes

Numerical results: Complex 
grounding grid for wind-turbines
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• The maximum step voltage - outside of the outer ring electrode (appx. 
at the point: (5.5m, 5.5m).

Transient GPR above the grounding system –spatial distribution

Transient Analysis of Grounding Electrodes
Numerical results: Complex grounding grid for wind-turbines
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Transient Analysis of Grounding Electrodes

Numerical results: Complex grounding grid

Configuration of  grounding grid Electric field distribution on the earth surface
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The field coupling to grounding grid due to indirect lightning strike is 
handled via transmission line (TL) approximation.

Transient Analysis of Grounding Electrodes

Frequency Domain Transmission Line Model
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The field coupling to grounding grid due to indirect lightning strike is 
handled via transmission line (TL) approximation.

Transient Analysis of Grounding Electrodes
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The field coupling to grounding grid due to indirect lightning strike is 
handled via transmission line (TL) approximation.

Transient Analysis of Grounding Electrodes
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Computational examples: Modeling of an indirect lightning strike

Transient Analysis of Grounding Electrodes
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Computational examples: Modeling of an indirect lightning strike

Transient Analysis of Grounding Electrodes
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Transient Analysis of Grounding Electrodes

Generalized wave equation for lossy media is given by:

2 2

2 2

1
inc

inc x x x x
x

E A A A
E

t x t t

σ σ

ε µε ε

∂ ∂ ∂ ∂
+ = − + +

∂ ∂ ∂ ∂

The magnetic vector potential is defined by a differential equation:

2
2

2 s

A A
A J

t t
µσ µε µ

∂ ∂
∇ − − = −

∂ ∂

� �
� �

Green function is determined by a differential equation:

2
2

2
( , ', ) ( ', )g r r t r r t

t t
µσ µε δ

 ∂ ∂
∇ − − = − 

∂ ∂ 

The antenna model: Direct TD analysis of single 
grounding elecrode
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Transient Analysis of Grounding Electrodes

Green function is determined by a differential equation:

2
2

2
( , ', ) ( ', )g r r t r r t

t t
µσ µε δ

 ∂ ∂
∇ − − = − 

∂ ∂ 

The antenna model: Direct TD analysis of single 
grounding elecrode

and is given by: 2 2

2 1

2
2 2

( / )
( / )

( , ', ) ( / )
4 16

( / )

R
v t

I t R v
t R v

g r r t e e U t R v
R v

t R v

σ σ

ε ε

σ

δ σ ε
σπ πε
ε

− −
2 2

 
− − 2 = + −

−
2

1
;        'v R r r

µε
= = −

Adopting certain approximations yields: ( / )
( , ', )

4

R
v

t R v
g r r t e

R

σ

ε
δ

π

−
2

−
=

And the magnetic vector potential becomes:

0

( , ) ( ', / ) '
4

RL v

x

e
A x t I x t R v dx

R

σ

εµ

π

−
2

= −∫
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Combining previous relations leads to the Pocklington equation for the 

grounding wire in a homogeneous lossy medium:

2 2

2 2

0

1
( ', / ) '

4

RLinc v
inc x
x

E e
E I x t R v dx

t x t t R

σ

εσ µ σ

ε π µε ε

−
2 ∂ ∂ ∂ ∂

+ = − + + ⋅ − 
∂ ∂ ∂ ∂ 

∫

The antenna model: Direct TD analysis of a single elecrode

Transient Analysis of Grounding Electrodes

The incident electric field along the electrode does not exist: 0inc

x
E =

This results in a homogeneus TD integro-differential equation:

2 2

2 2

0

1
( ', / ) ' 0

4

RL ve
I x t R v dx

x t t R

σ

εµ σ

π µε ε

−
2 ∂ ∂ ∂

− + + ⋅ − = 
∂ ∂ ∂ 

∫
The current source is included into the integral equation through the 
boundary condition: (0)

g
I I=
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Numerical Procedure

The space-time dependent current along the electrode can be 
expressed, as follows:

1

( ', / ) ( / ) ( ')
N

i

i

I x t R v I t R v N x
=

− = −∑

where ( ')
i

N x stands for the set of linear base functions.

Transient Analysis of Grounding Electrodes

Performing certain mathematical manipulations it follows::

2

2 2
1

( ) ( ') 1
( ) ' ( ) ( ') '

4 '

                     ( ) ( ') ' 0       1,  2,  ...,

j i j i

j i

R R
N v v

j i
i ij j i

i l l l l

R
v

j i

l l

f x f x e e
I t dx dx f x f x dx dx

x x R v t R

e
f x f x dx dx j N

t R

σ σ

ε ε

σ

ε

µ
τ

π

σ

ε

− −
2 2

= ∆ ∆ ∆ ∆

−
2

∆ ∆


∂ ∂ ∂− + +

 ∂ ∂ ∂



∂ + = =

∂


∑ ∫ ∫ ∫ ∫

∫ ∫
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In matrix form the following time domain differential equation is obtained:

[ ] { } [ ] { } [ ]{ }
2

2
( ') ( ') ( ') 0M I t C I t K I t

t t

∂ ∂
+ + =

∂ ∂

Transient Analysis of Grounding Electrodes

Numerical Procedure

… and carrying out the marching-on-in-time procedure:

2 2 1

1 1

2 2

1

1
2 (1 2 ) 2

2

1
(1 )

2

n n
k k

ji ji ji i ji ji ji i

i i

n
k

ji ji ji i

n

M tC t K I M tC t K I

M tC t K I

γ β γ β γ

γ β γ

−

= =

−

=

   + ∆ + ∆ = − − + − ∆ + − + ∆      

  
− − − ∆ + + − ∆  

  

∑ ∑

∑

where the stability is achieved by choosing: 1 1
;

2 4
γ β= =
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Numerical Example

Numerical example is related to the grounding electrode of length 
L=10m, radius a=5mm immersed in the lossy ground with εr=10, 
σ=0.001S/m.

Grounding electrode is excited with the double exponential current 
pulse 

defined with: I0=1.1043A, a=0.07924·107s-1, b=4.0011·107s-1:

0( ) ( ), 0;at bt
i t I e e t

− −= ⋅ − ≥

Transient Analysis of Grounding Electrodes
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Numerical results

Double exponential current pulse

Transient Analysis of Grounding Electrodes

Current at the centre of the wire

Current iat the different positions along the wire

Current induced at the different 
distances over a 5m long wire
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Analytical approach

Transient Analysis of Grounding Electrodes

Pocklington equation:

Impulse response:                                    Analytical solution:

( )

1

2 2

2 2
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0 0
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 
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  



∫

∫ ∫
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Transient Analysis of Grounding Electrodes

Analytical versus numerical results

Horizontal straight thin wire buried in a lossy medium
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Transient Analysis of a Lightning Rod

•Lightning protection system (LPS) in terms of 
lightning rod aims to capture a direct lightning 
strike.

•The protection area around the rod can be 
determined by applying the scattering theory 
approach. 

•The first step in the process is to obtain the 
current distribution along the rod.

Lightning rod

According to the image theory lightning rod is 
modelled as a thin wire antenna excited with 
the current source at the both wire ends.

Antenna model of a lightning rod
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Time Domain Antenna Model

The corresponding wave equation in free space is given by:

( )
2

2

0 0

1E A
= A

t t µ ε

∂ ∂
− + ∇ ∇

∂ ∂

��
�

The magnetic vector potential is defined by relation: ( )', /
'

4

L

z

L

I z t R c
A dz

R

µ

π
−

−
= ∫

Transient Analysis of a Lightning Rod

Combining previous relations leads to the corresponding Pocklington 

equation for the unknown current:

2 2
20

2 2

1
', '

4

Lexc

az

aL

RE
c I z t dz

t t z R c

µ

π
−
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= − ⋅ −  ∂ ∂ ∂   

∫
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The incident electric field along the electrode does not exist i.e.: 

0exc

z
E =

witch results in a homogeneus TD integro-differential equation:

( )2 2
20

2 2

', /
' 0

4

L

a

aL

I z t R c
c dz

t z R

µ

π
−

− ∂ ∂
− = ∂ ∂ 

∫

The current source is included into the integral equation scheme 
through the symmetric boundary condition: 

( ) ( ) gI L I L I− = =

Transient Analysis of a Lightning Rod

Time Domain Antenna Model
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Charge Distribution
The current distribution and linear charge density along the rod are related 

through the continuity equation:

I q

z t

∂ ∂
= −

∂ ∂

Charge density along the rod at the any moment is readily computed by 
integrating the current derivation:

0

( , )
( , )

t
I z t

q z t dt
z

∂
= −
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Transient Analysis of a Lightning Rod

Time Domain Antenna Model

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

Numerical Procedure

The space-time dependent current along the rod can be expressed, 
as follows:

( ) ( )
1

', ( ')
N

g

a i a i

i

I z t R c I t R c f z
=

− = −∑

where ( ')g

i
f z stands for the set of linear base functions.

Transient Analysis of a Lightning Rod

Performing certain mathematical manipulations it follows:
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Using BEM discretization, results in the linear equation system:

( ) ( )
22
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Transient Analysis of a Lightning Rod

Numerical Procedure

In matrix form the following TD differential equation is obtained:
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2
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∂
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∂

… and carrying out the marching-on-in-time procedure:
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The spatial derivation of the current is calculated using the FD scheme:

1( , ) ( , ) ( , )i k i k i kI z t I z t I z t

z z

+∂ −
=

∂ ∆

Time domain integration is preformed numerically using the trapezoidal rule:

1

0

( , ) ( , )
( , )

2

k
i j i j

i k

j

I z t I z tt
q z t

z z

+

=

∂ ∂ ∆
= − + ∂ ∂ 

∑

where ∆t stands for time step.

Transient Analysis of a Lightning Rod

Numerical Procedure
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Transient Analysis of a Lightning Rod

Numerical Results

Computational example is related to the single lightning rod of length 
L=10m and radius a=0.019m.

The rod is excited by the double exponential current pulse 

with parameters I0= 1.1043 A, α= 0.07924·107 s-1, β= 4.0011·107 s-1.

0( ) ( ), 0;at bt
i t I e e t

− −= ⋅ − ≥
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Transient Analysis of a Lightning Rod

Numerical Results
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Transient Analysis of a Lightning Strike

• The lightning strike, either direct or 
indirect, is a common cause of serious 
damages and malfunctions of power 
installations and telecommunication 
equipmnt. 

• As measurements are usually difficult to
perform and very expensive, it is essential 
to analyze this problem through numerical 
modeling.

• One of the possible approaches is 
related to based on transmission line (TL) 
approximation and the finite difference 
time domain (FDTD) method.
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Transient Analysis of a Lightning Strike

The field coupling to electrical tower (pylon) due to indirect lightning 
strike is handled via transmission line (TL) approximation.

Time Domain Transmission Line Model
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Transient Analysis of a Lightning Strike

Time Domain Transmission Line Model
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Transient Analysis of a Lightning Strike

Computational examples: Modeling of a direct lightning strike
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Transient Analysis of a Lightning Strike

Computational examples: Modeling of an indirect lightning strike
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Transient Analysis of a Lightning Strike

Computational examples: Lightning channel current

Frequency Domain Antenna Model
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Transient Analysis of a Lightning Strike

Computational examples: Modeling of a lightning channel current

Frequency Domain Antenna Model

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

Transient Analysis of a Lightning Strike

Computational examples: Modeling of a lightning channel current

Frequency Domain Antenna Model

Magnetic frill concept:
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Computational examples: Modeling of a lightning channel current
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HUMAN EXPOSURE TO 
ELECTROMAGNETIC FIELDS
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Human Exposure to Electromagnetic Fields

Split, 11/Feb/10

In the 20th century, occurrence of EM fields in the 
environment has significantly increased. 

There is also a continuing public concern associated 
with the possible adverse health effects due to human 
exposure to these fields, particularly exposure to HV
power lines and radiation from cellular base stations 
and mobile phones.
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Non-ionizing radiation

• Non-ionizing fields are split into two main categories; LF (up to about 
30 kHz) and HF frequencies (from 30 kHz to 300 GHz). 

• At ELF (up to 3 kHz), the wavelengths are very long (6000 km at 50 
Hz) so that there is no radiation and electric and magnetic fields are 
analyzed separately. ELF fields are generally used for power utilities 
(transmission, distribution and applications) and for strategic global 
communications with submarines submerged in conducting seawater.

• RF fields lie in the frequency range from 30kHz to 300 GHz and are 
used for RTV, radar, and other RF/microwave applications.

Human Exposure to Electromagnetic Fields
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Interaction of humans with EM fields

• The LF fields may cause excitation of sensory, nerve and muscle cells. 

• Humans are particularly sensitive to HF fields as the body absorbs the 
radiated energy, and the related heating effects become dominant. 

• The humans absorb a great deal of energy at certain frequencies, since 
the body acts as an antenna if the body dimensions parts are 
comparable to the field wavelength. 

• When the body size is half the wavelength, the resonant frequency is 
reached and a large amount of energy is absorbed from the field at 
frequencies between 30 MHz and 300 MHz. 

• It is worth noting that children have a higher resonant frequency than 
adults.

Human Exposure to Electromagnetic Fields
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Dosimetry

• Theoretical models are required to interpret and confirm the 
experiment, develop an extrapolation process, and thereby establish 
safety guidelines and exposure limits for humans. 

• Sophisticated numerical modeling is required to predict distribution of 
internal fields. 

• Today realistic computational models comprising of cubical cells are 
mostly related to applying of Finite Difference Time Domain (FDTD) 
methods.

• In certain studies, the Finite Element Method (FEM) is considered to 
be a more accurate method than the FDTD, and a more sophisticated 
tool when the treatment of irregular or curved shape domains is of 
interest.

• Some recent research has also demonstrated that the use of 
Boundary Element Method (BEM), fast multipole techniques and 
wavelet techniques can reduce the computational task.

Human Exposure to Electromagnetic Fields
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Dosimetry:Low and high frequencies

• The induced currents and fields in human organs may give rise to thermal 
and nonthermal effects. 

• When man is exposed to LF fields the thermal effects seem to be 
negligible, and possible nonthermal effects are related to the cellular 
level.

• The knowledge of the internal current density is the key to understanding 
the interaction of the human body with LF fields.

• The key point in HF dosimetry is how much EM energy is absorbed by a 
biological body and where it is deposited. 

• The basic dosimetric quantity for HF fields is the specific absorption rate 
(SAR).

Human Exposure to Electromagnetic Fields
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Dosimetry: Exposure to static fields

FORMULATION: Laplace equationFORMULATION: Laplace equation

3D electrostatic field distribution between a VDU and the head is governed by 

the Laplace equation for electric potential φ:

2 0ϕ∇ =

boundary conditions:

sϕ ϕ=

h
ϕ ϕ=

on the display

on the head

0nϕ∇ ⋅ =
�

on the far field 
boundaries

Human Exposure to Electromagnetic Fields

3D model of the head located in front of a VDU
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Dosimetry: Exposure to static fields - FEM SOLUTION

Applying the weighted residual approach to Laplace equation yields:

2 0
j

W dϕ
Ω

∇ Ω =∫ Performing some mathematical manipulations gives:

j j
W d W d

n

ϕ
ϕ

Ω Γ

∂
∇ ∇ Ω = Γ

∂∫ ∫

Human Exposure to Electromagnetic Fields

The Galerkin-Bubnov procedure (Wj=Nj) it 

follows:
j j

N d N d
n

ϕ
ϕ

Ω Γ

∂
∇ ∇ Ω = Γ

∂∫ ∫
Neumann condition:Neumann condition:

0
n

ϕ∂
=

∂

0jN dϕ
Ω

∇ ∇ Ω =∫

The unknown potential over an element is expressed by linear 
combination of shape functions:

4

1

e

i i

i

Nϕ α
=

=∑

( )
1

( , , ) 1,2,3,4
i i i i i

N x y z V a x b y c z i
D

= + + + =The shape functions:

The global matrix system:

[ ] { } { } a Qα =

The electrostatic field from 
expression:

E ϕ= −∇
��
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Electrostatic field strength [V/cm] on the faces. a) Person 1; bElectrostatic field strength [V/cm] on the faces. a) Person 1; b) Person 2) Person 2
a)a) b)b)

Dosimetry: Exposure to static fields- Computational examples

Human Exposure to Electromagnetic Fields

Dosimetry: Exposure to LF fields: Cylindrical body model

The equivalent antenna model of the human body

,( , ) ( )
4

L 2
2 ,inc ,

z LE2
0 -L

1
= - [ + ]g z z I( ) + z I(z)k dzE z Z

j zπωε

∂

∂∫
2 -jkR

,

E

0

1 e
(z, )= dg z

R2

π

φ
π ∫

sin
2 2 2,R = (z - +4) az

2

φ

1

[ ] { } { } ,      

 and    1, 2,...,

ji i j

i

Z I V

j M

=

=

=

∑

FEM solution
{ } { }

{ } { } { } { }2

1
[ ] ' ( , ') '

4

    ( , ') ' ( )

j i

j i j

T

ji Ej i

l l

T T

E Lj i j i

l l l

Z D D g z z dz dz
j

k f f g z z dz dz Z z f f dz

πωε
∆ ∆

∆ ∆ ∆


= − +




+



∫ ∫

∫ ∫ ∫
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Human Exposure to Electromagnetic Fields

Dosimetry: Exposure to low frequency fields: Realistic approach: 

anatomically based body model

The Formulation: 
The equation of continuity

0J
t

ρ∂
∇ + =

∂

�

J σ ϕ= − ∇
�

( )ε ϕ ρ∇ ∇ = −

For the time-harmonic ELF 
exposures it follows:

( ) 0jσ ωε ϕ ∇ + ∇ = 

The air-body interface conditions

( ) 0
b a

n ϕ ϕ× ∇ − ∇ =
�

b b s
n jσ ϕ ωρ∇ = −
�

0 a s
nε ϕ ρ∇ =
�
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Numerical method: The Boundary Element Method

The beauty of BEM...

• BEM tends to avoid volume meshes for large-scale problems.

• BEM formulation is based on the fundamental solution of the leading operator 

for the governing equation thus being competitive with other well-established 

methods, such as FEM or FDM, in terms of accuracy and efficiency.

Human Exposure to Electromagnetic Fields

The problem consists of finding the solution of the Laplace equation in a non-homogenous 
media with prescribed boundary conditions 

( ) 0σ φ∇ ⋅ ∇ =

φ φ=

on Ω

on Γ1

j

j j

n
x n

φ φ∂ ∂
=

∂ ∂
on Γ2

The integration domain is considered piecewise homogeneous, so it can be decomposed 
into an assembly of N homogeneous subdomains Ωk (k = 1, m).
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Green’s theorem yields the following integral representation for a subdomain:

( ) ( )
*

*

k k

c d d
n n

φ φ
ξ φ ξ φ φ

Γ Γ

∂ ∂
+ Γ = Γ

∂ ∂∫ ∫

where
*φ is the 3D fundamental solution of Laplace equation, *

nφ∂ ∂
is the derivative in normal direction to the boundary. 

Discretization to Nk elements leads to an integral relation:

, ,

*
*

1 1

k k

k j k j

N N

i i

j j

c d d
n n

φ φ
φ φ φ

= =Γ Γ

∂ ∂
+ Γ = Γ

∂ ∂
∑ ∑∫ ∫

Potential and its normal derivative can be written by means of the interpolation 

functions ψa

( ) ( )
6

1

a a

a

φ ψ φ
=

=∑ξ ξ and
( )

( )
6

1

a a

an

φ
ψ φ

=

∂
=

∂
∑

ξ
ξ

The Boundary Element Method

Human Exposure to Electromagnetic Fields
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The system of equations for each subdomain can be written as:

0
∂

− =
∂

φ
Hφ G

n

where H and G are matrices defined by:

,

*

k j

a

ij a

j

H h d
n

φ
ψ

Γ

 ∂
= = Γ 

∂ 
∫

,

*  

k j

a

ij aG g dψ φ
Γ

= = Γ∫

The matching between two subdomains can be established through 
their shared nodes:

j A j B

α αφ φ= and A A

j j
A B

n n

α α
φ φ

τ τ
   ∂ ∂

− =   
   ∂ ∂   

The Boundary Element Method

Human Exposure to Electromagnetic Fields
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The multidomain body of revolution model

The well-grounded body of 175cm height exposed to the10kV/m/60Hz power 
line E-field. The height of the power line is 10m above ground. 

Human body

Ground 
plane

Power 
line 
plane 
plane

The boundary element mesh

Computational Examples: Exposure to power lines

Human Exposure to Electromagnetic Fields
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The current density values increase at 
narrow sections such as ankle and neck.

Computational Examples (cont’d): Exposure to power lines

E= 10kV/m

Human Exposure to Electromagnetic Fields

Part of the 

body

BEM FEM Experimental 

Neck 4.52 4.62 4.66

Pelvis 2.32 2.27 2.25

Ankle 18.91 19.16 18.66

Comparison between the BEM, FEM and experimental 

results for the current density at various body portions, 
expressed in [mA/m2]

The calculated results via BEM agree well with FEM and 
experimental results.

The comparison with the cyilindrical model

Exposure scenario

Current 

density

J[mA/m2]

ICNIRP guidelines for 

occupational exposure
10

ICNIRP guidelines for general 

public exposure
2

J
zmax

(cylinder on earth) 3

J
zmax

(body of revolution 

model)
19

The main difference 
is in the area of 
ankles and neck. The 
peak values of J in 
those parts maintain 
the continuity of the 
axial current
throughout the body.
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Computational Examples (cont’d): Exposure to power lines

The realistic models of the human body 

A plan view of the integration domain

Electric field in the air near the body

The electric field in the air begins to sense the presence 
of the grounded body at around 5m above ground level.

Human Exposure to Electromagnetic Fields

3D mesh: Linear Triangular Elements

Scaled potential lines in air

BEM with domain decomposition and 
triangular elements (40 000) is used.
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Front and side view of equipotential lines in air are presented.

Computational Examples (cont’d): Exposure to power lines

Scaled Equipotential lines in air

Human Exposure to Electromagnetic Fields

An oversimplified cylindrical representation of the 
body is unable to capture the current density peaks 
in the regions with narrow cross section.

The presence of peaks
in current density values
corresponds to the position
of the ankle and the neck.
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Computational Examples (cont’d):Exposure to power lines

3D mesh: the realistic model of
the body with arms up

Scalar potential in the vicinity of the  body

The mesh and scalar potential for the body model with arms up is presented.

Human Exposure to Electromagnetic Fields

Front and lateral view of 
equipotential surfaces for 
the HAU model exposed to
a reference incident field Ez
= 0.25 V/m.

The numbers on the left 
indicate voltage, while
the numbers on the right 
indicate height of the 
equipotentials taken at 
2.5m away from the
subject, i.e. when 
equipotential surface 
become parallel to the 
ground.
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Distribution of axial current density along the torso and head in function of the height for the HAU, HAO, HAD and HNA models. 
The observation line corresponds to the line connecting points A and B.

The observation line corresponds to
the line connecting points A and B.

The bigger cross-sectional area 
acts as a natural protection to the 
heart, while the raised arms 
protect the neck.

Human Exposure to Electromagnetic Fields
Computational Examples (cont’d):Exposure to power lines

Absolute value for the axial current 
density along the arms in function 
of the HAU, HAO and HAD models.

Maximal values of current density 
are reached by the HAO model, 
in accordance to the larger area 
exposed to the normal field.

Geometry of the arms in 
HAU, HAO and HAD models.
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Axial current density along the legs for the HNA, 
HAU, HAO and HAD

The maximum values the current density at the height of the 
ankle are obtained for the HAU and HAO models.

Human Exposure to Electromagnetic Fields
Computational Examples (cont’d):Exposure to power lines

Induced current density for 
the various body models

Comparison between 
the 
following body models
is presented:

• No arms 
• Arms up 
(60° from 

horizontal plane)
• Cylinder

Comparison between 
the following body 
models is presented:

• No arms 
• Arms up 
(60° from horizontal 

plane)
• Open arms

E [kV/m] Jz[mA/m2]

1 2

5 10

10 19

ICNIRP 
Safety Standards

J[mA/
m2]

Occupational
exposure

10

General public 
exposure

2

Peak values of the current density in the ankle for some typical 
values of electric field near ground under power lines are 
presented in the table.

Peak values of the Jz versus E Exposure limits for Jz
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Human Exposure to Electromagnetic Fields
Computational Examples (cont’d):Exposure to power lines

Tissue conductivities in S/m at 60 Hz

Axial current density along the centre of with 
different sets of conductivities

Variations of conductivity in the heterogeneous representation

E- field along the centre of the torso and head 
for the HIO model for SETG 

and SETD conductivity scenarios

E- field along the centre of the torso
and head for the HIO model for SETG 

and SETA conductivity scenarios 

Note on numerical results

•Due to the variation in the conductivity 
there is a significant variation in the induced 
E-field while the variations of the current 
density are negligible.
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BEM model and exposure results (left). 
Observation line along the spine of the foetus

Computational Examples (cont’d): Pregnant woman Exposure...

Human Exposure to Electromagnetic Fields

Conductivity Scenarios

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

E- field and scalar potential Lateral view at 8,13, 26 and 38 gestational weeks

The uterus, due to its higher conductivity comparing to the maternal tissue, 
tends to concentrate the field lines.

Human Exposure to Electromagnetic Fields

Computational Examples (cont’d): Pregnant woman Exposure...
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Dosimetry: HF Exposures

• The key point in HF bioelectromagnetics is how much EM energy is absorbed by a 
biological body and where it is deposited. 

• The basic dosimetric quantity for HF fields is the specific absorption rate (SAR) being 
defined as the rate of energy W absorbed by or dissipated in a unit mass of the body:

expressed in watts per kilogram of tissue, [W/kg], where C is the specific heat capacity of 
tissue, T is the temperature and t denotes time.

dP d dW dT
SAR C

dm dm dt dt
= = =

• In tissue, SAR is proportional to the square of the internal electric field strength:

where E is the root-mean-square value of the electric field, ρ is the tissue density and σ
is the tissue conductivity.

• The localized SAR is directly related to the internal field and the main task of dosimetry

involves the assessment of the electric field distribution inside the biological body.

Human Exposure to Electromagnetic Fields

2dP dP
SAR E

dm dV

σ

ρ ρ
= = =
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Electromagnetic scattering problem – Solution method

Hybrid Element Method (HEM - BEM/FEM)

Advantages of HEM

• HEM combines the symmetric matrix generated by FEM with the accuracy 

provided by BIE formulations.

• Efficiently terminates the computational domain.

• Material properties can vary arbitrarily within the computational domain.

• Manipulating the Maxwell equations the time-harmonic EM fields can be 

expressed as follows:

Human Exposure to Electromagnetic Fields
Dosimetry: HF Exposures

( )
1

0E j Eσ ωε
ωµ

 
∇× ∇× + − = 

 

� � 1
0H j H

j
ωµ

σ ωε

 
∇× ∇× + = 

+ 

� �
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Boundary Integral Equations for EM fields

Applying the 2nd Green Theorem yields the integral representations 

of the E and H fields:

( )
1 1 z

z i z i i

E
E W j E W d W d

n
σ ωε

ωµ ωµ
ΓΩ

  ∂
∇ ⋅∇ + − Ω = Γ  ∂ 

∫∫ ∫

( )
( )

,
( ) ( ) ,inc z

z z z

S

G r r E
E r E r E G r r dS

n n′

′∂ ∂
′ ′= + − 

∂ ∂ 
∫∫

� �
� � � �

�

( )
( )

,
( ) ( ) ,inc z

z z z

S

G r r H
H r H r H G r r dS

n n′

′∂ ∂
′ ′= + − 

∂ ∂ 
∫∫

� �
� � � �

�

Dosimetry: HF Exposures

Human Exposure to Electromagnetic Fields

Applying the Green theorems to FEM governing equations and featuring the 
weak formulation of the problem for 2D it follows:

FEM formulation

1 1 z
z i z i i

H
H W j H W d W d

j j n
ωµ

σ ωε σ ωε
ΓΩ

  ∂
∇ ⋅∇ + Ω = Γ + + ∂ 

∫∫ ∫
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•The principal biological effect of HF exposure is heating of the tissue.

•Therefore, to quantify hazardous EM field levels thermal response of a human 

exposed to the HF radiation is also considered.

• The bio-transfer equation expresses the energy balance between conductive 

heat transfer in a volume control of tissue, heat loss due to perfusion effect, 

metabolism and energy absorption due to radiation.

Dosimetry: Thermal response

Human Exposure to Electromagnetic Fields

•The stationary bio-heat transfer equation is given by:

( ) ( ) 0
b pb a m EM

T W C T T Q Qλ∇ ∇ + − + + =

the volumetric 
perfusion rate

tissue temperature the specific heat
of blood

thermal 
conductivity

the electromagnetic 

power deposition

the arterial 
temperature

the power produced 
by metabolic process
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The inhomogeneous Helmholtz-type equation is given by:

The electromagnetic power deposition QEM is a source term deduced from the 

electromagnetic modelling, and determined by relation: 

( ) ( )b pb b pb a m EMT W C T W C T Q Qλ∇ ∇ − = − + +

EMQ SARρ= ⋅

Human Exposure to Electromagnetic Fields

Dosimetry: Thermal response

The boundary condition for the bio-heat transfer equation, imposed to the interface 

between skin and air, is given by: ( )s a
q H T T= −

where q denotes the heat flux defined as:
T

q
n

λ
∂

= −
∂

while H, Ts and Ta denote, respectively, the convection coefficient, the temperature 

of the skin, and the temperature of the air.

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

Applying the FEM solution the bio-heat transfer equation one obtains the following 

matrix equation:

The matrix system elements are:

[ ]{ } { } { }K T M P= +

( )

e e

ji j i e b pb j i eK f f d W C f f dλ
Ω Ω

= ∇ ∇ Ω + Ω∫ ∫

e

j j e

T
M f d

n
λ

Γ

∂
= Ω

∂∫

( )

e

ji b pb a m EM j ep W C T Q Q f d
Ω

= + + Ω∫

The Bio-heat Transfer Equation: The solution by FEM

Human Exposure to Electromagnetic Fields

Dosimetry: Thermal response
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Computational examples: HF exposures

Dosimetry: HF Exposures

Human Exposure to Electromagnetic Fields
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SAR in the eye due to EM wave with power density 10 W/m2 at:

(a) f=1 GHz (b) f=2 GHz.

• the results from hybrid BEM/FEM numerical computation of electric 
field induced by plane wave with power density of 10 W/m2

Human Exposure to Electromagnetic Fields

Computational examples: HF exposures

Dosimetry: HF Exposures
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Human Exposure to Electromagnetic Fields

Computational examples: HF exposures

Dosimetry: HF Exposures

Temperature rise in the eye due to EM wave with power density 10 W/m2 at 

(a) f=1 GHz (b) f=2 GHz.
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Dosimetry: Human Exposure to Transient Radiation

Human Exposure to Electromagnetic Fields
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Dosimetry: Human Exposure to Transient Radiation

Human Exposure to Electromagnetic Fields
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Integral methods in HF dosimetry and biomedical 

applications: Ongoing work 

� Fig shows the SAR distribution 
in the brain at f=900MHz due to 
the vertically polarized incident 
plane wave (P = 5mW/cm2). 

� The brain electrical parameters 
are: εr=46,  σ=0.8S/m. 

� The obtained numerical results 
for peak and average SAR:

SARmax=0.866W/kg, 
SARavg=0.158W/kg. 

Set of coupled surface integral equations (SIE) - solution via 
Method of Moments (MoM)

(9)

(13)

SAR distribution at f=900MHz
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HF Dosimetry: Ongoing work

Human Exposure to Electromagnetic Fields
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Circular 8-coil Butterfly (10°°°°) 

Frequency 2.44 kHz 2.44 kHz 2.44 kHz

Radius 4.5 cm 3.5 cm 3.5 cm

Turns 14 15 15

Current (max) 2843 A (8kA) 2843 A (8kA) 2843 A (8kA)

Tissue parameters (avg. Brain)

[C. Gabriel, Tech.Rep. AL/OE-TR-1996-

0037]:

ϵr = 46940

σ = 0.08585 S/m

CAD model Discretised (MeshLab) MATLAB

Length 167 mm

Width 140 mm

Height 93 mm

Various TMS coils, arbitrary position

Frequency dependent brain tissue params

Development of geometrical brain model

Brain model dimensions (average 

human brain size [Blikov, Glezer 1968])

Human Exposure to EM Fields: 
Biomedical Applications - TMS
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FORMULATION: Equivalence theorem

• Equivalent electric and magnetic 

currents

• Relationship between scattered and 

incident fields

On the Use of Boundary Element Method in 

Bioelectromagnetics 
Transcranial Magnetic Stimulation (TMS)
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• Scattered fields
• Scalar and vector potential

• Green function

On the Use of Boundary Element Method in 

Bioelectromagnetics 

FORMULATION: Equivalence theorem

Transcranial Magnetic Stimulation (TMS)

• System of Electric Field Integral Equations

(EFIEs)
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NUMERICAL SOLUTION: Method of Moments (MoM)

• Approximate solution over the element • Base functions

On the Use of Boundary Element Method in 

Bioelectromagnetics 

Transcranial Magnetic Stimulation (TMS)
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Bioelectromagnetics 
Transcranial Magnetic Stimulation (TMS)

NUMERICAL SOLUTION: Method of Moments (MoM)

Brain model

Brain model
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Electric field distribution in the model of a human brain (coil positioned 1 cm over primary motor cortex)

Human Exposure to EM Fields: 
Biomedical Applications - TMS
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Sagittal Transversal Coronal

Induced electric field vector directed parallel to the surface of a brain

Human Exposure to EM Fields: 
Biomedical Applications - TMS
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Biomedical Applications - TMS

Induced E – field at the brain surface

Induced B – field 

at the brain 

surfaceJens
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Biomedical Applications - Modeling of nerve fiber excitation

� Fig shows the myelinated nerve fiber with an arbitrary 
number of Ranvier’s nodes represented by a straight thin 
wire antenna.

� Electrode nerve fiber stimulation is taken into account by
the equivalent current source Ig located at the fiber 
beginning. 

� The current source Ig represents the nerve fiber stimulation 
used in electro-acupuncture or PENS, which both make 
use of thin needles injected through the skin. 
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Antenna Model

• Passive nerve fiber model

• Ii = -0.6 Ia
• Ii – ionic current in non-activated Ranvier’s node

• Ia - intracellular current flowing into the observed Ranvier’s
node

Human Exposure to EM Fields: 

Biomedical Applications - Modeling of nerve fiber excitation
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Mathematical Model
• Intracellular current distribution along a straight thin wire is 

governed by the FD Pocklington integro-differential 
equation:

• g(x,x’) - lossy medium Green’s function: 

• γ - complex propagation constant:

• R - a distance from the source to the observation point:

• εeff - complex permittivity of a medium:

∫ =
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Mathematical Model
Boundary conditions at the nerve fiber ends:

•The current generator Igat the fiber beginning

•Sealed-end boundary condition at the fiber end

The properties of the lossy medium, nerve fiber membrane 
and myelin sheath are taken into account by means of the 
conductivity and relative permittivity which are obtained 
from the cable equation and TL equation: 

where V is the transmembrane voltage.

(0) , ( ) 0
a g a

I I I L= =
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Mathematical Model

Combining previous equations yields:

•ρρρρa: the resistivity of axoplasm

•rm: the myelin layer resistance for unit area

•cm: capacitance of the Ranvier’s node membrane per 
unit area

•a: the inner axon radius

•ωωωω: angular frequency

a

cma

µ

ρ
σ

2
=

m

a
r

ra 0

2

2

µεω

ρ
ε =
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Parameters

Parameter Description Value Unit

b
Radius including the 

myelin sheath
10 µm

a Inner axon radius 0.64·b µm

lint Internode length 100·2b µm

L Nerve fiber length
lint·4,

lint·10
µm

ρρρρa

Resistivity of the 

axoplasm
1.1 �m

rm

Myelin resistance for 

unit area
10 �m2

cm

Membrane capacitance 

per unit area
7.3 µF/m
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Three Ranvier’s Nodes Fiber
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Passive nerve fiber

• When modeling the passive nerve 

fiber, the ionic current in each 

Ranvier’s node is to be taken into 

account. 
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Active nerve fiber

• Fig shows the model of an active nerve fiber presented on a myelinated nerve 
fiber with 3 active Ranvier’s nodes and 4 internodes.

• Each node is represented by a wire junction of 2 thin wires representing an 
active Ranvier’s node. Three additional current sources at the active Ranvier nodes 

represent an ionic current Ii of the activated node, determined by analyzing the 

CRRSS model and the analytical expression for the ion current.

222

Active nerve fiber model
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Two wire junction representation of the active nodeted node of Ranvier

Active nerve fiber

• The Kirchhoff’s law has to be satisfied at the junction:

where Ii,j+1 represents the ionic current value flowing out of the junction in one 
direction and Ii,j+2 is current flowing out of the junction in the opposite direction.

Ii

ej nj+1 nj+2 ej+1 nj+3

0.4Ii, j+1 0.6Ii, j+2

Δx→0

x

z

2,1, 6.04.0 ++ += jijii III
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Active nerve fiber

• The intracellular current for the 
active nerve fiber is also calculated 
with 9 Ranvier’s nodes and 10 
internodes. 
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• The specific research activities (RA):

� This enhanced nerve model finds the application not only in 
diagnostics and therapeutic purposes but also in gaining a 
fundamental knowledge regarding potential adverse effects on 
human health due to undesired exposure to EM fields.

� Studies on electrical excitation of nerves, among other aspects 
involve; 

- nerve excitation using stimulating electrodes, 

- nerve conduction velocity tests, 

- non-invasive stimulation of nerves via EM fields, 

- external field coupling to nerves due to human exposure to EM
radiation sources.

�

225

Ongoing work
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• The presence of electromagnetic fields in the environment and related 
possible health risk represent a controversial scientific, technical, and 
often public, issue.

• Theoretical models for electromagnetic and thermal dosimetry are 
required to interpret and confirm the experiment, develop an 
extrapolation process, and thereby establish safety guidelines and 
exposure limits for humans.

• Some examples of possibleb biomedical applications of EM fields are 
discussed (Transcranial magntic Stimulation – TMS, Nerve fiber 
excitation.) 

• The use of sophisticated numerical methods is necessary to accurately 
predict the distribution of internal fields.

Concluding remarks

Human Exposure to Electromagnetic Fields
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NUMERICAL MODELING OF 
PLASMA PYSICS 
PHENOMENA
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On the Numerical Modeling of Some Fusion 

Related Phenomena - applications of CEM 

methods in magnethohydrodynamics

(MHD) phenomena analysis

On the Numerical Modeling of Some Fusion 

Related Phenomena - applications of CEM 

methods in magnethohydrodynamics

(MHD) phenomena analysis
• Some modification and extension of the GB-IBEM, FEM, BEM and 

various hybrid techniques are required for an efficient numerical 
treatment of specific fusion-related problems.

• In particular, MHD equilibrium in an axisymmetric plasma shape, as 
depicted in Fig.
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• The dynamics phenomana in tokamaks are governed by quasi-
stationary Maxwell’s equations:

Faraday’s law

Ampere’s law

Gauss’ law for magnetism

Applications of CEM methods in MHD
phenomena analysis

with the generalized Ohm’s law

and force balance equation

where p stands for  the kinetic pressure.
229
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In the plasma region, the plasma velocity is determined by the 
momentum balance

while mass density ρ conservation yields the continuity equation

Applications of CEM methods in MHD
phenomena analysis

• On the basis of previous set of equations MHD problems is formulated 
in terms of the Grad Shafranov equation (GSE) which is in cylindrical 
coordinates (ρ ,Φ, z) given by:

where ψ is the magnetic flux function, while J is the toroidal component 
of the plasma current.

2

02

1
J

z
φρ ψ µ ρ

ρ ρ ρ
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• The Grad-Shafranov equation could be written in a form:

• Scalar product over the calculation domain yields:

2 2

02 2

1
rJ

r z r r
ϕµ

 ∂ Ψ ∂ Ψ ∂Ψ
− + − = 

∂ ∂ ∂ 
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∂ ∂ ∂ 
∫ ∫

FEM solution of Grad-Shafranov equation

• Performing some mathematical manipulations leads to the 
weak formulation of GSE:

0

1j j

j j j

W W
W d d W d rJ W d
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Γ Ω Ω Ω
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• Using the triangular finite elements and linear shape 
functions, solution over the element is given by:

3

1

( , ) ( , ); ( , )e e

i i j j

i

r z f r z W f r z
=

Ψ = Ψ =∑

FEM solution of Grad-Shafranov equation

• By choosing the same shape and test functions (Galerkin-
Bubnov scheme) the local matrix system on the element is 
given by:

• The solution for the integrals on the left hand side is analytically 
obtained, while the integral on the right hand side should be, 
in general, calculated numerically. 

• In this case the Gaussian three point quadrature rule for the 
integration over triangle has been used.
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• In this case each triangular element has been 
transformed to the unitary triangle:

FEM solution of Grad-Shafranov equation

• Transformation is given by:

where

3 3

1 1
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• To evaluate integral over triangular element, the values of the 
integrating function in the predefined points p1 to p3 have to 
be calculated. 

• Coordinates and corresponding weights are given in the 
table:

FEM solution of Grad-Shafranov equation

• Numerical integration is 
carried out using the 
expression:

where J is Jacobian:
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Ψ(Wb) for rectangular plasma – FEM solution for μ
0
rJφ=1

Test example No 1 : Rectangular plasma

235

Ψ(Wb) for rectangular plasma - FEM solution for: μ
0
rJφ=r3z2
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Ψ(Wb) for rectangular plasma FEM solution for: μ
0
rJφ=r2z3

Test example No 1: Rectangular plasma
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Test example No 2 : D- shaped plasma
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Future work: Boundary element solution of 

Grad-Shafranov equation (GSE)

• Furthermore, the Green integral representation of GSE:

can be written in the form:

where stands for the fundamental solution.
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On-going work 
in deterministic 
and stochastic 
modeling

Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

• In static equilibrium, the governing equations of resistive MHD

Gauss’ law for magnetism

Ampere’s law

Faraday’s law

Force balance equation

Generalized Ohm’s law

Ongoing work: Finite element (FE) solution 
of Current Diffusion Equation (CDE)
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•Assumption of axisymmetric plasma, in cylindrical coords, hence 
(3D problem >> 2D)

•Magnetic field B and current density J via magnetic flux function and
poloidal current function

Ongoing work: FE solution of CDE
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• Evolution of poloidal magnetic flux, hence plasma current

•Averaging on surface of constant radius, 
(2D problem >> 1D problem)

Ongoing work: FE solution of CDE

241
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• Current diffusion equation or magnetic flux diffusion equation

• Initial and boundary conditions

• Parabolic type PDE

Ongoing work: FE solution of CDE
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• Weighted residual approach

• Solution domain (radial profile):

• Time derivative discretized by the finite differences scheme.

Ongoing work: FE solution of CDE

• Multiplying by Wj and integrating over domain, strong formulation

• Integrating by parts and rearranging, weak formulation of CDE

243
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Ongoing work: FE solution of CDE

Some numerical results:
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Ongoing work: FE solution of transport equations
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Ongoing work: FE solution of transport equations
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Ongoing work: FD and TD analyzes of the transient 
field generated by GPR dipole antenna
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Ongoing work: FD and TD analyzes of the transient 
field generated by GPR dipole antenna
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Ongoing work: FD formulation

• Reflected/transmitted field formulas:
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Ongoing work: TD formulation

• Reflected/transmitted field formulas:
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Ongoing work: Numerical results
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Ongoing work: Numerical results
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Ongoing work : Determinsitic modeling
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Ongoing work : Determinsitic modeling
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Ongoing work : Determinsitic modeling

•Non-homogeneous head model
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Ongoing work : stochastic electromagnetics
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Application of the 

Stochastic Collocation to:

- GPR antennas 
- HF dosimetry: the brain 
and eye exposures
- Grounding electrodes
- Buried wire scatterers
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Ongoing work : stochastic electromagnetics
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Ongoing work : stochastic electromagnetics
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•GPR antenna 
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Ongoing work : stochastic electromagnetics

285

•Grounding electrode
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Ongoing work : stochastic electromagnetics
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•Buried line
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Ongoing work : stochastic electromagnetics
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•Human eye
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Ongoing work : stochastic electromagnetics
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•Human brain
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Ongoing work : stochastic electromagnetics
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• The presentation deals with computational models applied in CEM,
EMC, BIOEM and MHD. 

• A crash-course on the theory of thin wire antennas and related 
numerical methods for solving some FD and TD integral equations,
together  with some engineering applications, is given. 

• Furthermore, AT and TL models are used to analyze overhead wires, 
buried lines, PLC configurations, lightning channel and grounding 
systems.  

• Human exposure to non-ionizing EM fields, LF and HF exposures are 
studied. Some biomedical applications of EM fields, related to TMS, PENS 
and TENS are also covered.

• The last part of the presentation is devoted to some MHD topics 
pertaining to the modeling of fusion phenomena.

• Finally, some stochastic analysis methods applied to various area of CEM 
pertaining to on-going research activities are outlined. 

292Clermont-Ferrand, 03 April 2018



Department of Electronics
University of Split,
Split, Croatia

There is scarcely a 

subject that cannot be 
mathematically treated and the 

effect calculated beforehand, or 

the results determined beforehand 

from the available theoretical and 

practical data.

Nikola TeslaNikola TeslaNikola TeslaNikola Tesla
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Thank you for your attention

We made models in science, but we also We made models in science, but we also We made models in science, but we also We made models in science, but we also 

made them in everyday life. made them in everyday life. made them in everyday life. made them in everyday life. 
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